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Abstract. A centrosymmetric permutation is one which is invari- 
ant under the reverse-complement operation, or equivalently one 
whose associated standard Young tableaux under the Robinson- 
Schensted algorithm are both invariant under the Schiitzenberger 
involution. In this paper, we characterize the set of permuta- 
tions avoiding 1243 and 2143 whose images under the reverse- 
complement mapping also avoid these patterns. We also charac- 
terize in a simple manner the corresponding Schroder paths under 
a bijection of Egge and Mansour. We then use these results to enu- 
merate centrosymmetric permutations avoiding the patterns 1243 
and 2143. In a similar manner, centrosymmetric involutions avoid- 
ing these same patterns are shown to be enumerated by the Pell 
numbers. 

1. Introduction 

Let & n denote the set of permutations of {1,2,..., n}, and let & n {r) 
denote the set of permutations of {1,2, ... ,n} which avoid the pat- 
tern t, i.e., which do not contain a subsequence order-isomorphic to r. 
More generally, let & n {ri, r 2 , . . . , r^) denote the set of permutations of 
{1,2, ... ,n} which avoid all patterns Tj for i — 1, 2, . . . , k. 

For any permutation tt G & n , the reverse-complement of n is rc(7r) = 
tt' where 7r'(i) = (n + 1) — 7i(n + 1 — i) for each i — 1, 2, . . . , n. Also, a 
permutation n G & n is said to be centrosymmetric if and only if rc(7r) = 
it. Denote the set of centrosymmetric permutations by C n , and the set 
of centrosymmetric involutions by CX n . Also C n {j), CX n {ji, r 2 , . . . , r k ) 
etc. are defined in the usual way. 

It is well known that a permutation is centrosymmetric if and only if 
both of the standard Young tableaux yielded by the Robinson-Schensted 
algorithm are invariant under the Schiitzenberger involution (see [1] 
and [2 J for more details). In work by Egge [3], permutations and 
involutions were enumerated which are invariant under the natural 
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action of a subgroup of the symmetry group of a square. This in- 
cluded enumeration and Wilf-equivalence classification of centrosym- 
metric permutations and involutions avoiding all patterns of length 3. 
In a recent contribution also by the same author, \C2 n {k k — 1 • • -21)| 
and \CX 2 n(k k — 1 • • -21)| were evaluated by counting self-evacuating 
standard Young tableaux and using the Robinson-Schensted correspon- 
dence [3]. Other results along this line which have been achieved are 
the enumeration of the vexillary involutions (i.e., the set CZ 2n (2143)) 
by Guibert and Pergola [5], and the set C 2n (123, 2413) by Ostroff and 
Lonoff [B]. In [7J, Barnabei et al. enumerated many classes of pattern- 
avoiding centrosymmetric involutions by using a bijection with labeled 
Motzkin paths. 

In this paper, centrosymmetric permutations and involutions avoid- 
ing the patterns 1243 and 2143 are enumerated. We begin by charac- 
terizing the set of permutations avoiding 1243 and 2143 whose images 
under the reverse-complement operation also avoid these patterns; to 
this end we make use of a result by Egge and Mansour [8] which puts 
permutations avoiding 1243 and 2143 in bijective correspondence with 
the set of Schroder paths of an appropriate length. The characteriza- 
tion we require is particularly simple in the Schroder path domain. We 
then enumerate centrosymmetric permutations avoiding 1243 and 2143 
by enumerating the corresponding Schroder paths. The corresponding 
enumeration for involutions is subsequently achieved by first proving 
that a Schroder path p corresponds to an involution under the bijection 
of Egge and Mansour if and only if p is symmetric with respect to path 
reversal. In particular, the centrosymmetric involutions which avoid 
1243 and 2143 are shown to be enumerated by the Pell numbers. 

It was proved in [TD] that the cardinality of the full class of permu- 
tations avoiding 1243 and 2143 whose reverse complements also avoid 
these patterns (i.e., the sequence |(5 n (1243, 2143, 2134) |) has a rational 
generating function; it would be interesting to investigate whether sim- 
ilar methods can prove the rationality or otherwise of the generating 
functions of \C n (1243, 2143) | and |CX n (1243, 2143) |. 

2. Permutations avoiding 1243 and 2143, and Schroder 



The large Schroder numbers r n are defined by r = 1 and for all 

n > 1, 
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A Schroder prefix is a lattice path beginning at the point (0, 0) which 
may take only a finite number of steps from the set {e = (1,0), n = 
(0, l),d = (1, 1)} and which does not pass below the line y = x. De- 
note by S the set of all Schroder prefixes. For n > 1, a Schroder path 
of length n is a Schroder prefix which terminates at the point (n,n). 
Let S n denote the set of Schroder paths of length n. In this paper, 
such Schroder paths will sometimes be denoted by the corresponding 
sequence of letters from {e, n, d}. Also denote by Sq the set containing 
the null path having length 0. For any pair of Schroder paths p G S m 
and q G S n , denote by pq G S m+n the concatenation of these Schroder 
paths. The set S n is enumerated by r n for n > 0. Also, the permu- 
tations @ n+ i(1243, 2143) for n > are called Schroder permutations 
since they are enumerated by the large Schroder numbers r n . 

Lemma 2.1. A permutation 7r lies in (5 n (1243, 2143) if and only if 
7T- 1 lies in 6„(1243,2143). 

Proof. This follows immediately from the observation that any occur- 
rence of a pattern r G {1243,2143} in the permutation n corresponds 
directly to an occurrence of the same pattern r in 7r _1 . □ 

Lemma 2.2. Let 7Ti,7T2 G & n . Then tti = rc(7r 2 ) if and only if n^ 1 = 
rc(7r 2 ~ 1 ). 

Proof. This follows immediately from the observation that the substi- 
tution j = 7ii(i) allows the condition 7Ti(i) + ^(n + 1 — i) — n + 1 for 
alH = 1, 2, . . . , n to be rearranged as 7rf + 7r 2 _1 (n + 1 — j) — n + 1 
for all j — 1, 2, . . . , n. □ 

Definition 2.3. For t G {1, 2, . . . , n — 1}, a Schroder path p G «S n 
which contains an occurrence of d joining (t — 1, t) to (t, t + 1) is said 
to have a level feature at t, and a Schroder path p G S n which contains 
an occurrence of en joining points (t — 1, t) to (t, t) to (t, t + 1) is said 
to have a notch feature at t. A Schroder path p G S n is said to have a 
feature at t G {1,2,. . . ,n — 1} if it has either a level feature or a notch 
feature at t. 

Definition 2.4. For any Schroder path p G S n , the latest (resp. level 
or notch) feature of p is the largest t G {1,2, . . . ,n — 1} at which p 
contains a (resp. level or notch) feature, or is equal to if there is no 
such t. Also, for any Schroder path p G S n , the earliest (resp. level 
or notch) feature of p is the smallest t G {l,2,...,n — 1} at which p 
contains a (resp. level or notch) feature, or is equal to n if there is no 
such t. 
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Definition 2.5. For p G S n , the reversed path rev(p) is the path ob- 
tained by applying the {e, n, d} steps of the path in reverse order, then 
replacing all occurrences of e by n and vice versa. Also for p G S n , ip(p) 
is the path obtained by replacing all level features at t G {1, 2, . . . , n — 1} 
by notch features at t and vice versa. 

Egge and Mansour [SX §4] define a bijection <p : S n >-)■ <5 n+ i(1243, 2143) 
from the set of Schroder paths of length n to the set of permutations of 
length n + 1 avoiding 1243 and 2143. In the following we briefly de- 
scribe the bijection ip; more details may be found in [5|. An illustrative 
example of the bijection ip will follow this formal description. 

Let p G S n and let Sj denote the transposition (i, i + 1) for each 
i — 1, 2, . . . , n. We also use the convention SiSjir = Si(sj(n)). 

Step 1: Let T r s denote the unit square which has diagonally op- 
posite corners at (r — 1, s — 1) and (r, s). For each such square 
r r s whose top-left corner lies below the path p and above the 
line y = x, place the label r in the top-left corner. We will 
next construct a sequence of permutations o~i, i = 1,2, ... ,k; 
initially set i — 1. 

Step 2: Locate the labeled square r r jS with largest label r. The 
permutation cij is equal to the sequence of transpositions s t 
where the subscript t sequentially takes on all label values start- 
ing with this r and continuing diagonally to the lower left until 
an n step is encountered. Remove the labels which were used 
as subscripts. If there are now no more labeled squares, we are 
finished; otherwise set i to i + 1 and repeat Step 2. 

Step 3: The image tp{p) of the Schroder path p under the bijec- 
tion ip is defined as 

Vip) = VkOk-i ■ ■ -Oi{n + l,n,n - 1, . . . ,2, 1) . (2.1) 

The following example illustrates Definitions 12.31 and 12.41 as well as 
the bijection ip, and will also serve as a useful example when we consider 
the reverse-complements of permutations in (5„ + i(1243, 2143). 

Example 2.6. Consider the pathp = nennnneeedennede G Sg shown in 
FigureUl The pathp has an (earliest) level feature att = 5 and another 
(latest) level feature at t = 8. Also, the path p has an (earliest) notch 
feature at t = 1 and another (latest) notch feature at t = 6. To compute 
<p(p), note that here we have o~\ = s 9 s 8 sj, cr 2 = sj, cr 3 = s 6 s 5 S4S3S 2 , 
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Figure 1 . The Schroder path p of Example 12.61 

cr 4 = S4S3S2, 05 = ex g = s 2 and a 7 = si. So 

<p(p) = o- 7 a 6 (j5cr4O-3cr2a-i(10,9,8,7,6,5,4,3,2,l) 

= Si S2 S4S3S2 s 6 s 5 s 4 S3S2 s 7 s 9 s 8 s 7 (10, 9, 8, 7, 6, 5, 4, 3, 2, 1) 
= (5, 10, 6, 7, 8, 2, 9, 3, 1, 4) G ©i (1243, 2143). 

j4 detailed evolution of (10, 9, 8, 7, 6, 5, 4, 3, 2, 1) to y?(jo) under the ap- 
plication of the permutations o~i for i = 1,2, . . . , k is provided in Table 

m 

Lemma 2.7. A Schroder path p G S n contains an occurrence of d 
joining (t — 1, t — 1) to (t, £) /or £ G {1, 2, . . . , n} if and only if the 
largest t numbers in {1, 2, . . . , n + 1} occupy the first t positions of 

7T = <p(p). 

Proof. With reference to (12.11) . note that n = tp(p) is obtained by 
applying the permutations 0i,cr 2 , • • • , ffe to a permutation in which 
the largest £ numbers in{l,2,...,n + l} occupy the first £ positions. 
Next observe that the path p G S n contains an occurrence of d joining 
(£ — 1, £ — 1) to (£, £) if and only there is no occurrence of s t among the 
permutations o~i, ■ ■ ■ , cr^. This is exactly the condition under which 
there will be no "mixing" of the two parts of the permutation, i.e., the 
largest £ numbers in {1, 2, . . . , n + 1} will remain in the first £ positions 

Of 7T = tp(p). □ 

Theorem 2.8. If p is a Schroder path of length n > 1, and tt = f(p), 
then ip(rev(p)) = 7r _1 . 
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Table 1. Illustration of the bijection ip(p) for the 
Schroder path p e <Sg given in Example 12.61 The 
table shows the evolution of the permutation from 
(10,9,8,7,6,5,4,3,2,1) towards <p(p) as each permuta- 
tion Oi is applied for % — 1, 2, . . . , k. 



Permutation 


Result 


Start 
01 = s 9 s s s 7 
02 = s 7 

03 = S6S 5 S 4 S3S 2 

cr 4 = S4S3S2 

05 = S3S2 

06 = S 2 

07 = si 


10 987654321 
10 987653214 
10 987652314 
10 876529314 
10 765829314 
10 657829314 
10 567829314 
5 10 67829314 



Proof. We prove this by induction on the length n of the path p. The 
base case n — 1 holds trivially. Next, assume the result holds for all 
paths of length at most n — 1 (where n > 1), and consider a path p of 
length n. Denote rr = <p(jp) and tc = (p(rev(p)). Our goal is to show 

that 7T = 7T _1 . 

If no point (t,t) lies on the path p for t = 1,2, ...,n — 1, then 
we may write p = npx e for some Schroder path p\ of length n — 1. 
Let 7Ti = Then, with reference to obtaining ir = (p(p) from 

(n + 1, n, n — 1, . . . , 2, 1) via (12. ip . first <ti = s n s n _i • ■ • S2S1 is applied; 
this is a cyclic shift which yields 7r(n + 1) = n + 1. The subsequent 
sequence of permutations {o"j : i > 2} is the same as that involved in 
obtaining (f(pi) from (n, n — 1, . . . , 2, 1) via (12. ip ; thus ir(i) = 7Ti(z) for 
all z = 1, 2, . . . , n. Since rev(p) = n rev(pi) e, using the same argument 
together with the induction hypothesis yields tt(i) = vrjf 1 (z) for all 
i — 1, 2, . . . , n, and 7r(n + 1) = n + 1. Thus n = tt _1 . 

If p terminates in a d step, then we may write p = p\ d for some 
Schroder path p\ of length n — 1. Let 7Ti = y(pi). Then, the sequence 
of permutations {<7j} involved in obtaining <p(p) from (n + l,n,n — 
1, . . . , 2, 1) via (12. ip is the same as that involved in obtaining f(pi) from 
(n,n — 1, ... ,2,1) via (12. ip ; thus tt(z) = tti(z) + 1 for all z = 1, 2, ... , n, 
and 7r(n + 1) = 1. Also, since rev(p) = drev(pi), the sequence of 
permutations used to obtain Lp(rev(p)) from (n + l,n,n — 1, . . . ,2,1) 
via (12. ip is the same as that used to obtain <£>(rev(pi)) from (n, n — 
1, . . . , 2, 1) via (12.11) . but with each s t replaced by s t+1 . Together with 
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the induction hypothesis, this yields tt(z) = fti (i — 1) for all i = 
2, 3, . . . , n + 1, and 7r(l) = n + 1. Thus n = 7r _1 . 

Therefore, hereafter we need only prove the inductive step for Schroder 
paths p of length n which terminate in an e step and such that the point 
(t, t) lies on p for some t £ {1, 2, . . . , n — 1}. For such paths, there exists 
a largest value of t £ {1, 2, . . . , n — 1} for which (t, £) lies on the path 
p; denote by n — i this largest value, where i £ {1, 2, . . . , n — 1}. Note 
that an n step must connect (n — i, n — i) to (n — i, n — i + 1). 

First consider the case where the point (n — i,n — i) on p is reached 
via an e step. Note that we may write p = qr where q and r are 
Schroder paths of length n — % and % respectively. 

With reference to (12.11) . the permutation tc 2 = f(q) is obtained by 
applying some sequence of permutations {tj} to the permutation (n + 
1 — i, n — i,n — 1 — i, . . . , 2, 1). Similarly, the permutation rri = <p(r) 
is obtained by applying some sequence of permutations {<jj} to the 
permutation {i + 1, i, i — 1, . . . , 2, 1). The image of p under the bijection 
if is then obtained by applying the sequence of permutations {z^}, 
followed by the sequence of permutations {t^}, to the permutation 
(n+l,n,n — 1, . . . , 2, 1), where the sequence {uj} is simply the sequence 
{a-j} with each transposition s t replaced by s t + n -i- 

The application of the permutations {iSj} (corresponding to the path 
r) results in the final % + 1 values of {n + 1, n, n — 1, . . . , 2, 1) being 
replaced with the permutation 7Tl. Then, the application of the permu- 
tations {Tj} (corresponding to the path q) results in the initial n + l — i 
values of the resulting permutation being replaced with tt 2 + i, except 
for the unique position t £ {1, 2, . . . , n + 1 — i} with ^(t) = 1, which 
takes the value 7ri(l). 



We may summarize the results of the previous paragraph as follows: 
for all t £ {1,2, . . .,n + l}, 



Since rev(p) = rev(r) rev(g), applying the same argument and invok- 
ing the induction hypothesis yields that, for all s £ {1, 2, . . . ,n + 1}, 



The reader may check that (I2.2p and (12.31) together imply (through the 
identification 7r(£) = s) that tt = ir^ 1 , as required. 




(2.2) 




(2.3) 
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Finally, consider the case where the point (n — i,n—i) on p is reached 
via a d step. In this case, we may write p = qdr, where q and r are 
Schroder paths of length n — i — 1 and % respectively. Again denote 
it i = (p(r) and n 2 = f{q)- Arguing in a similar manner to the previous 
case, we find that in obtaining 7r = ip(p) via (12.11) . the sequence of 
permutations corresponding to the path r results in the final % + 1 
values of (n + 1, n, n — 1, . . . , 2, 1) being replaced with the permutation 
7Ti. Then, the sequence of permutations corresponding to the path q 
results in the initial n — i values of the resulting permutation being 
replaced with n 2 + i + 1. Summarizing, 

7i"i(i — n + i) if t > n — i 
^(t) + i + 1 otherwise 

Since rev(p) = rev(r) drev(g), applying the same argument and invok- 
ing the induction hypothesis yields that, for all s G {1, 2, . . . , n + 1}, 

-/ \ f - « — 1) if s > i + 1 , „ _s 

1 7rf 1 (s)+n — z otherwise. 

As before, (12.41) and (12.51) together imply (through the identification 
7r(t) = s) that 7r = 7T _1 , as required. The result then follows by the 
principle of induction. □ 

Corollary 2.9. Let p e S n and ir = <p{p). Then n is an involution if 
and only z/rev(p) = p. 

It follows that the number of involutions on{l,2,3,...,n + l} which 
avoid 1243 and 2143 is equal to the number of Schroder paths p G S n 
which are symmetric with respect to path reversal. This latter fact 
may also be deduced from the bijection given in 0, §2]. 

The following example illustrates the inductive step in the proof of 
Theorem 12. 81 

Example 2.10. Consider the Schroder path p = ndndneeennneneee G 

Sg illustrated in Figure The path p terminates in an e step, and the 
largest t G {1, 2, . . . ,n — 1} = {1, 2, . . . , 8} for which the point (t, t) lies 
on p is given by t = n — i = 5, i.e., i = 4. The point (5,5) on p is 
reached via an e step. Here we have p = qr where q = ndndneee G S$ 
and r = nnneneee G 1S4. The reader may verify that 7r 2 = tp(q) = 
(5,3,1,2,4,6) and that (p(rev(q)) = c/?(nnnedede) = (3,4,2,5,1,6) = 
tx 2 x . Also 7Ti = v 9 ( r ) = (1)3,2,4,5) and since rev(r) = r we have 
<p(rev(r)) = 7Ti/ the reader may verify that 7Ti = 7rf . 

The application of the first set of permutations {vj} (corresponding to 
the path r ) results in the final i+1 = 5 values of (10, 9, 8, 7, 6, 5, 4, 3, 2, 1) 
being replaced with iii = (1,3,2,4,5) (c.f. row 2 of Tabled- Then, 
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Figure 2. The Schroder path p of Example 12.101 

the application of the second set of permutations {tj} (corresponding 
to the path q) results in the initial n + 1 — i = 6 values of the resulting 
permutation being replaced with 7r 2 + i = 7r 2 + 4 = (9,7,5,6,8,10), 
except for position vr 2 _1 (l) = 3 which takes the value 7Ti(l) = 1 (c.f. 
row 3 of Tabled). Thus (\2.2\i holds in this case. 

Table 2. Illustration of the steps involved in obtaining 
n = f(p) for the Schroder path p G 1S9 given in Example 
12.101 The table shows the evolution of the permutation 
from the starting point of (10, 9, 8, 7, 6, 5, 4, 3, 2, 1). 



Permutation 


Result 


Start 

M 

{Tj} 


10 987654321 
10 987613245 
97168 10 3245 



3. CENTROSYMMETRIC PERMUTATIONS AND INVOLUTIONS 
AVOIDING 1243 AND 2143 

Definition 3.1. The set V is the set of Schroder paths formed by 
concatenating a finite sequence of elements from d U {n k e k \ k > 0}. 
The set T> n C S n is the set of Schroder paths of length n formed by 
concatenating a finite sequence of elements from d U nVe. 

Less formally, the set T> n is the set of Schroder paths of length n 
which, whenever they rise above the "main superdiagonal" y — x + 1, 
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do so by a sequence of n steps immediately followed by an equal number 
of e steps. 

Lemma 3.2. Let p G T> n be a Schroder path with no features, and 
which does not contain a d step connecting (t — l,t — 1) to (t,t) for 
any t G {1,2, .. . ,72,}. Furthermore, let tp(p) = n, p' = rev(ip(p)), and 
fip') = n> ■ Then it' = rc(7r), and 7r(l) = 1. 

Proof. The Schroder path p is of the form naia 2 ■ • • ct r -2«r-ie where 
ctj = n m i+i- m j e m 3+-t- m 3 for some r numbers 1 = mi < m 2 < • • • < 
m r _i < m r = n. In terms of the permutations {a{\ involved in obtain- 
ing (p(p) via (12.11) . note that ctj (1 < j < r) corresponds to a reversal of 
the numbers in positions {rrij, rrij + 1, . . . , m,, +1 }; denote this reversal 
by 8(mj,mj + i). Thus 

(p(p) = 7r = <5(mi, m 2 )5(m 2 , m 3 ) • • • 5(m r _i, m r )ai(n+l, n, n— 1, . . . , 2, 1) , 

(3.1) 

where a x = s n s n _i • • • s 2 si- 

Since p has no features we have 

p' = rev(?p(p)) = rev(p) = na r _ 1 a r _ 2 • • • a 2 «ie , 

and thus 

(pip') = tx' = 5(n + 1 — m r , n + 1 — m r _i)5(n + 1 — m r _i, n + 1 — m r _ 2 ) 
• • • 5(n + 1 — m 2 , n + 1 — mi)cri(n + 1, n, n — 1, . . . , 2, 1) . (3.2) 

From comparison of (13.11) and (13. 2p . it may be observed that it' = rc(7r) 
due to the mirror symmetry of the applied reversal operations, together 
with the fact that n(n+l) = n'(n+l) = n+1 and 7r(l) = 7r'(l) = 1. □ 

Example 3.3. Consider the Schroder path p G T> 9 illustrated in Fig- 
ure^ (a). The path p has no features, and does not contain a d step 
connecting (t — l,t — 1) to (t, t) for any t G {1, 2, . . . , 9}. The path 
p' = rev(-0(p)) = rev(p) is shown in Figured (b). Table^shows the se- 
quence of reversals applied to the permutation (10, 9, 8, 7, 6, 5, 4, 3, 2, 1) 
to obtain n = <p(p) (upper Table{3ty and it' = tp(p ; ) (lower Table{3ty 
respectively. It may be observed that n' = tc(tt) holds due to the mirror 
symmetry of the applied reversal operations as well as the fact that both 
permutations ir and n' interchange the values 1 and n + 1 = 10. 

Lemma 3.4. Let p G T> n be a Schroder path which does not contain a 
d step connecting (t — 1, t — 1) to (£, t) for any t G {1,2,..., n}, and 
which contains no level features. If n = f(p), then = 1. 
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Figure 3. (a) The Schroder path p e V 9 and (b) the 
Schroder path p' = rev('0(p)) of Example 13.31 

Proof. Write p = q\q<i ■ ■ ■ qi where each Schroder path is of the form 
described in Lemma I3.2j therefore, each permutation 7Tj = y?((/j) sat- 
isfies 7Tj(l) = 1- Letting m, > denote the length of each path 
qi, we have X^/=i m j = n - Then, with reference to obtaining (p(p) 
from (n + 1, n,n — 1, . . . , 2, 1) via (12. ip . permutations are applied cor- 
responding to each path q^ for i = 1,1 — 1, ... ,2,1 respectively, in 
each case moving the entry 1 from position Y2]=i m j + 1 to position 
Sj=i m j + 1- Therefore, after all permutations are applied we must 
have tt(1) = 1. □ 

Lemma 3.5. Let p 6 T> n be a Schroder path which does not contain a 
d step connecting (t — 1, t — 1) to (t, t) for any t G {1, 2, . . . , n}. // the 
earliest level feature of p is at t = k, then 7r(l) = n — k + 1. 

Proof. Let q G "Pfc denote the Schroder path of length k obtained by 
following p up the point {k — 1, k) and terminating via an e step at the 
point (k,k). Note that q is of the form described in Lemma \'SA\ and 
thus 7Ti = ip(q) satisfies ^(1) = 1. Next, with reference to obtaining 
(p(p) from (n+1, n,n— 1, . . . , 2, 1) via (12. ip . initially the entry n — A; + 1 
lies in position k + 1. First a sequence of permutations is applied which 
uses only transpositions St with t > k + 1; after this, the entry n — k + 1 
remains in position k + 1. Then, a sequence of transpositions is applied 
which contains Sk', this moves the entry n — k + 1 into position k. Im- 
mediately after this, a sequence of permutations is applied containing 
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Table 3. Illustration of the subsequence reversal op- 
erations involved in obtaining n = ip(p) (upper) and 
7r' = (p(p') (lower) for the Schroder paths p,p' G V 9 
given in Example 13.31 The table shows the evolution of 
the permutation from (10,9,8,7,6,5,4,3,2,1) with the 
initial cyclic shift o\ followed by the reversals £(•,•) i n 
each case. 



Permutation 


Result 


Start 


10 987654321 




987654321 10 


S(8,9) 


987654312 10 


5(3,8) 


981345672 10 


5(1,3) 


189345672 10 


Permutation 


Result 


Start 


10 987654321 


(T\ = SgSsS 7 S 6 S 5 S4 1 S3S2Sx 


987654321 10 


6(7,9) 


987654123 10 


S(2,7) 


914567823 10 


S(l,2) 


194567823 10 



only transpositions s t with t > k; during this process, entry n — k + 1 
remains in position k. For the remaining sequence of permutations, 
observe that since entry n — k + 1 starts in position k, its final position 
is the same as the final position of entry 1 when obtaining irx = <p(q) 
via fl2~U), i.e., ir(n- k + 1) = 1. □ 

Example 3.6. Consider the Schroder path p = nneneennedneennee G 

£>9 illustrated in Figure^ The earliest level feature ofp is att = k = 5. 
Here we have q = nneneennee and %x = f{q) = (1,5,4,6,2,3). The 
Schroder path q is of the form described in Lemma \3~4\ an d accordingly 
7Ti(l) = 1. Table^summarizes the steps involved in obtaining n = (f(p) 
from (10,9,8,7,6,5,4,3,2,1) via (12. ip . The permutations {crj} prior 
to that containing transposition = s 5 involve only transpositions s% 
and s 9 , and thus do not affect the position of entry n — k+1 =5. Next, 
the permutation SJSQS5S4. IS applied which moves entry n — k + l = 5to 
position k = 5. The next permutation, Sq, does not alter the position 
of the entry 5. The final sequence of permutations is simply that used 
to obtain ttx = f(q) via (12.11) . but with ax = S5S4 omitted; therefore we 
finally obtain 7r(l) = 5. 

Lemma 3.7. Let p G T> n be a Schroder path which does not contain a 
d step connecting (t — 1, t — 1) to (t, t) for any t G {1, 2, . . . , n}. If the 
latest level feature of p is at t = k, then n(k + 1) = 1. 
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Figure 4. The Schroder path p of Example 13.61 



Table 4. Illustration of the steps involved in obtaining 
71 = tp(p) for the Schroder path p G S$ given in Example 
13.61 The table shows the evolution of the permutation 
from the starting point of (10, 9, 8, 7, 6, 5, 4, 3, 2, 1). 



Permutation 


Result 


Start 

permutations prior to that including 55 
after permutation including s 5 
permutations containing st, t > 5 
remainder of permutations 


10 98765432 1 
10 987654123 
10 986541 723 
10 986514723 
598 10 614723 



Proof. Note that rev(p) G T> n does not contain a d step connecting 
(t — 1, t — 1) to (t, t) for any t G {1, 2, . . . , n}, and the earliest level 
feature of rev(p) is at t = n — k. Applying Lemma I3.5[ and noting 
that p(rev(p)) = n^ 1 by Theorem 12.81 we obtain 7r _1 (l) = k + 1, i.e., 
7r(fc + l) = l. □ 

The following example illustrates Lemmas 13.51 and 13.71 in the context 
of the Schroder path p G Sg of Example 12.61 

Example 3.8. Consider the path p G S 9 defined in Example \2.bA Note 
thatp G T> 9 , and thatp does not contain a d step connecting (t— l,t— 1) 
to (t, t) for any t G {1,2, ... ,n}. The earliest and latest level features 
of p are at t = 5 and t = 8 respectively. We also have 7r(l) = 5 and 
7r(9) = 1 in accordance with Lemmas Iff. 51 and \3. 7| respectively. 
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Figure 5. The Schroder path p' of Example 13.101 

Theorem 3.9. For n > 0, let it G 6 n+1 (1243, 2143). Then n' = rc(vr) 
Hes in © n+ i(1243, 2143) if and only if p = <y? _1 (7r) G X> n . Furthermore, 
if p G 2\, i/ien (/9 _1 (7r') = p' where p' = rev(ip{p)). 

Before giving a proof, we provide an example in order to illustrate 
this Theorem. 

Example 3.10. Consider the path p G Sg defined in Example \2.6l 
Note that p G V g . The path p' = iev(ijj(p)) = nennedennnneeede is 

illustrated in Figure 

Here we have o~i = S9S8S7SQS5, o-i — s^s^s^, 03 = s§s§, 04 = 55, 
05 = S4S3S2, c"6 = S2 and a-j = S\. So 

(p(p') = o- 7 cr 6 cr 5 (T4O-3cr2O-i(10, 9, 8, 7, 6,5,4,3,2,1) 

= Si S2 S4S3S2 S5 SqSs S7S6S5 S9S8S7SQS5 (10,9,8,7,6,5,4,3,2,1) 
= (7, 10, 8, 2, 9, 3, 4, 5, 1, 6) G ©i (1243, 2143) 

The evolution of (10, 9, 8, 7, 6, 5, 4, 3, 2, 1) towards tp(p') under the ap- 
plication of the permutations 0^ for i = 1,2, ... ,k is shown in Table\B 
The reader may check that tp(p') = rc(7r) ; as expected. 

Lemma 3.11. If p is any Schroder path of length n > and it = (f(p), 
then tc(tt) G & n +i (1243, 2143) implies that p G T> n . 

Proof. Note that since n G 6 n+ i (1243, 2143) and rc(yr) G 6 n+ i(1243, 2143), 
this implies that n avoids the pattern rc(1243) = 2134 also. Suppose 
that points (a, a + 1) and ((3, j3 + l) lie onp for some < a < f3 < n — 1, 
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Table 5. Illustration of the bijection tp(p') for the 
Schroder path p' e Sg given in Example 13.101 The 
table shows the evolution of the permutation from 
(10,9,8,7,6,5,4,3,2,1) as each permutation cr, is ap- 
plied for i — 1, 2, . . . , k. 



Permutation 


Result 


Start 

Cl = SgSgS 7 S 6 S 5 
02 = S 7 SqS 5 
0"3 = S 6 S 5 

a 4 = s 5 

(T5 = S4S3S2 
0"6 = S 2 

a 7 = si 


10 987654321 
10 987543216 
10 987432516 
10 987324516 
10 987234516 
10 872934516 
10 782934516 
7 10 82934516 



and that no part of p lies on or below the line segment joining these 
two points. [In particular, this means that no point (t, t + 1) lies on 
p for a < t < (3; note that this implies an occurrence of n joining 
(a, a + 1) to (a, a + 2), and an occurrence of e joining (f3 — 1, f3 + 1) 
to ((3,(3 + 1).] Then tp(p) is obtained by applying a sequence of per- 
mutations Oi to (n + 1, n, n — 1, . . . , 2, 1) as per (12. ip . A subsequence 
of these permutations is as follows: first a permutation Pi is applied 
which contains sp+iSp ■ ■ ■ s a +\ as a subsequence, later the permutation 
P 2 = spsp-i ■ ■ ■ s a+ i is applied, and immediately after application of 
P2, a permutation P 3 is applied which consists of a sequence of trans- 
positions from {s a+ i, s a+ 2, ■ ■ ■ , sp-i}- The permutation Pi moves a 
number q > n — a to the right of position (3 + 1. Permutation P 2 
moves the number n — a to position (3 + 1. At this point, the num- 
bers in positions a + 1, a + 2, . . . , (3 are in decreasing order. If after 
application of P3 any two of these numbers (say / > g) end up in de- 
creasing order, the subsequence (/, g,n — a, q) would be an occurrence 
of the pattern 2134, which is a contradiction. Therefore the numbers 
in positions a + 1, a + 2, . . . , (3 must end up in increasing order, i.e., 
the points (a, a + 1) and ((3, (3 + 1) on p must be joinecQ by an occur- 
rence of n /3 ~ a e l3 ~ a . We conclude that for every pair of points (a, a + 1) 
and ((3, (3 + 1) on p such that no part of p lies on or below the line 



Note that reversal of ordering of the numbers in positions {m, m + 1, . . . , n} 
is effected through application of the sequence of permutations cr m er m +i 4 • 'ff n -i 
where <Ji — SiSi_i • • • s m for each i = m, m + 1, . . . , n — 1; this corresponds to the 
path n "- m e"- m 
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segment joining these two points, the two points must be joined by an 
occurrence of n l3 ~ a e l3 ~ a . This is equivalent to the condition p G T> n . □ 

The following example illustrates Lemma 13.111 in the context of the 
Schroder path p G Sg of Example 12.61 

Example 3.12. Consider the Schroder path p G Sg of Example \2.b\ In 
particular, note that points (1,2) and (4,5) lie on p, while points (2,3) 
and (3,4) do not; therefore we may apply the reasoning in the proof 
of Lemma \3.11\ with a = 1 and (3 = 4. After application of permuta- 
tions <J\ and a 2 , the permutation (10, 9, 8, 7, 6, 5, 4, 3, 2, 1) has changed 
to (10,9,8,7,6,5,2,3,1,4) (c.f. row 3 of Tabled . Here P 1 = a 3 = 
SQS5S4S3S2 contains sp+iSp • • • s a+ i = S5S4S3S2 as a subsequence. This 
permutation moves the number q = 9>8 = n — a (via a sequence of 
adjacent transpositions) to position 7 which lies to the right of position 
(3+1 = 5. Then, permutation P 2 = 04 = spsp-i ■ ■ • s a+ \ = S4S3S2 is 
applied, which moves the number n — a = 8 to position (3 + 1 = 5. To 
avoid the subsequence xy89 being an occurrence of the pattern 2134 for 
some x and y, the subsequence 765 must next be rearranged as 567; this 
requires cr 5 = s 3 s 2 and a Q = s 2 , i.e., the points (1,2) and (4,5) on p 
must be joined by an occurrence o/n 3 e 3 . 

Proof of Theorem 13.91 First suppose that the Schroder path p con- 
tains an occurrence of d joining (t— 1, t—1) to (t, t) for t G {1, 2, . . . , n}, 
i.e., the path p may be viewed as the concatenation of a Schroder path 
q (of length t — 1), ad step, and a Schroder path r (of length n — t). 
From Lemma 12.71 this occurs if and only if the largest t numbers in 
{1, 2, . . . , n + 1} occupy the first t positions of tt = tp(p). From the 
definition of the reverse-complement, this latter condition is obtained 
if and only if the largest n + 1 — t numbers in {l,2,...,n + l} occupy 
the first n + 1 — t positions of tt' = tc(tt). Again invoking Lemma [2. 7\ 
this occurs if and only if the Schroder path p' = Lp^ 1 ^') contains an 
occurrence of d joining (n—t,n — t) to (n—t+l,n—t+l). The problem 
is then seen to reduce to proving the proposition for q and r separately 
(note that p G T> n if and only if both q G X^_i and r G T> n _ t ). For this 
reason, in the following we need consider only those Schroder paths p 
which do not contain any occurrence of d joining (t — 1, t — 1) to (t, t) 
for t G {1, 2, — , n}. By Lemma 13 .7\ if the latest level feature of such 
a path p is at t = k, then ir(k + 1) = 1. 

From Lemma I3.11[ if p is any Schroder path of length n > and 
7r = (fi(p), then rc(-7r) G <5 n+ i(1243, 2143) implies that p G V n . To prove 
the other direction, let p G T> n , and let <p(jp) = tt. Let p' = rev(^(p)) 
and ^pip') = tt'. We wish to show that tt' = tc(tt). We proceed by 
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induction on the number 7 of features of p. The base case 7 = of the 
induction has already been proved in Lemma 13.21 

Next assume the result holds for all Schroder paths with 7 > 
features, and consider a Schroder path p with 7 + 1 features. The latest 
feature of p occurs at t = n — i for some integer i e {1, 2, . . . , n — 1}. 
We assume also that this is a notch feature (this assumption will be 
justified later). It follows that we may write p as the concatenation of 
two Schroder paths: q (of length n — i, and containing 7 features) and 
r (of length i, and containing no features). 

The permutation 7r 2 = tp(q) is obtained by applying some sequence of 
permutations {tj} to the permutation (n+l — i, n — i, n — l — i, . . . , 2, 1). 
Similarly, the permutation 7Ti = Lp(r) is obtained by applying some se- 
quence of permutations {&j} to the permutation + i, i — 1, . . . , 2, 1). 
The image of p under the bijection ip is then obtained by applying the 
sequence of permutations {^}, followed by the sequence of permu- 
tations {Tj}, to the permutation (n + 1, n, n — 1, . . . , 2, 1), where the 
sequence {uj} is simply the sequence {<x,} with each transposition s t 
replaced by s t+n -i- 

The application of the permutations {isj} (corresponding to the path 
r) results in the final i + 1 values of (n + l,n, n — 1, . . . , 2, 1) being 
replaced with the permutation m. Suppose that the latest level feature 
of q is at t = k; by Lemma [3 .7\ this implies that ^(k + 1) = 1. Then, 
since 7Ti(l) = 1 (by Lemma [3 . 2 j) . the application of the permutations 
{tj} (corresponding to the path q) results in the initial n + l — i values 
of the resulting permutation being replaced with 7r 2 + i, except for 
7r(k + 1) which takes the value 1. 

Formally, we may summarize these results as 



<p{p) = (/(l), f(2), . . . , f(n + 1 - i), 7ri(2),7n(3), . . . , 7n(i + 1)) (3.3) 



Next consider p' = rev(-0(p)); this Schroder path may be consid- 
ered as the concatenation of Schroder paths r' = rev ("0(0) anc ^ Q' = 
rev (-;/> ((?)), followed by the replacement of the resulting notch feature 
at t = i by a level feature. Let 7r 2 = ip(q') and n' x = f(r'). 

The permutation tt' 2 = (p(q') is obtained by applying some sequence 
of permutations {rj} to the permutation (n + 1 — i,n — i,n — 1 — 
i, ...,2,1), and the permutation ix[ = tp(r') is obtained by applying 
some sequence of permutations {a'j} to the permutation (i + — 
1, . . . , 2, 1). The permutation tc = <p(p') is then obtained by applying 



where, for each t G {1,2,... 



,n+ 1 — i}, 

1 if t = k + 1 




•^(t) + i otherwise. 



(3.4) 
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a sequence of permutations {/^-} to the permutation (n + l,n,n — 
1, . . . , 2, 1), followed by the sequence of permutations {c^} with a[ = 
SjSj_i • • • s 2 Si omitted. The application of the permutations in {fjfj} 
results in the final n + 1 — i values of the resulting permutation being 
replaced with 7r 2 , except for position n + 1 — k which holds the value 
n + 1. The reason for the latter condition is that the level feature 
at t = i causes the number n + 1 to move into position n + 1 — k. 
The reason it moves into this particular position is that the latest level 
feature of q lying at t — k implies that the earliest notch feature of p' 
is at t = n — k. 

Note that at this point, the first i values are in decreasing order 
starting with n. Therefore, application of the permutations {o~'j} with 
01 = ■ • ■ s 2 Si omitted (corresponding to the path r') results in 

the first i values of the resulting permutation being replaced with the 
first i numbers in ir' x + n — i. 

Formally, we may summarize these results as 

fip') = (^'(l) +n — i, 7r'(2) +n — i,..., ir'(i) +n — i, 

g(l),g(2),...,g(n+l-i)) , (3.5) 
where, for each t G {1, 2, . . . , n + 1 — i}, 

, v _ f n + 1 iit — n + l — i — k , , 

\ n 2(t) otherwise. ^ ' ' 

Comparing (13.31) and (13.41) with (I3.5p and (I3.6p while applying the 
induction hypothesis, which guarantees n' x = rc(7Ti) and n' 2 = rc^), 
yields <p(p') = rc(7r), as required. 

Finally, note that the preceding proof assumed that the latest feature 
of p is a notch feature. If this is not the case, we may replace p by i^(p) 
(whose latest feature is a notch feature) and repeat the argument from 
the beginning, thus establishing (due to Theorem 12.81) that (tt 1 )" 1 = 
rc(7r _1 ). By Lemma [2.21 this implies that n' = tc(tt), as required. The 
result then follows by the principle of induction. 

□ 

The following example illustrates the inductive proof of Theorem 13.91 
for the case of 7 = 2. 

Example 3.13. Consider the Schroder path p = nnedennneeennenee G 

Vg with 7 + 1 = 3 features shown in Figure (a). This path is a 
concatenation of a path q e T>q and a featureless path r e V 3 , i.e., 
i = 3. The reader may verify that 7Ti = (p(r) = (1,3,2,4) and 7r 2 = 
ip(q) = (5,6,1,7,2,3,4). Here the latest level feature of q is at k = 2, 
so Lemma guarantees ir 2 (k + 1) = 7r 2 (3) = 1. The application of 
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(a) (b) 

Figure 6. (a) The Schroder path p and (b) the 
Schroder path p' = rev(if)(p)) of Example 13.131 The cor- 
responding evolution of permutations via the bijection (p 
is shown in Table O 

the first set of permutations {isj} (corresponding to the path r) results 
in the final i + 1 = 4 values of (10, 9, 8, 7, 6, 5, 4, 3, 2, 1) being replaced 
with 7Ti (c.f. row 2 of upper Table^j. Then, since 7Ti(l) = 1, the 
application of the second set of permutations {tj} (corresponding to 
the path q) results in the initial n + 1 — i = 7 values of the resulting 
permutation being replaced with 7r 2 + i = 7r 2 + 3 = (8, 9, 4, 10, 5, 6, 7), 
except for 7r(k + 1) = 7r(3) which takes the value 1 (c.f. row 3 of upper 
Tabled). 

The path p' = Yev(if)(p)) is shown in Figure® (b); this may be seen 
as the concatenation of r' = rev(-^(r)) and q' = rev(ip(q)), followed by 
the replacement of the resulting notch feature at i = 3 by a level feature. 
The reader may verify that ti[ = ip(r') = (1,3,2,4) and 7r 2 = ip{q') = 
(4,5,6,1, 7, 2, 3) . The application of the first set of permutations {/^} 
results in (i) the number n + 1 — 10 moving into position n+ 1 — k = 8 
(c.f. row 2 of lower Table\£j\) - the reason it moves into this position is 
that the latest level feature of q lying at k = 2 implies that the earliest 
notch feature of p' lies at n — k = 7; and (ii) the final n + 1 — i = 7 
values of the resulting permutation being replaced with n' 2 , except for 
position n + 1 — k = 8 which holds the value n + 1 = 10. At this point, 
the first i = 3 values are in decreasing order starting with n = 9 ( again 
c.f. row 2 of lower Table\fi\). Application of the permutations {a'j} with 



20 



MARK F. FLANAGAN AND MATTEO SILIMBANI 



Table 6. Illustration of the steps involved in ob- 
taining -yr = (p(p) (upper) and n' = (p(p r ) (lower) for 
the Schroder paths p,p' G S 9 given in Example 13.131 
The table shows the evolution of the permutation from 
(10, 9, 8, 7, 6, 5, 4, 3, 2, 1) in each case. 



Permutation 


Result 


Start 


10 987654321 


M 


10 987651324 




891 10 567324 


Permutation 


Result 


Start 


10 987654321 




98745 6 1 1023 


{<} 


79 84 56 1 10 2 3 



°~\ — s 3 s 2 s i omitted (corresponding to the path r') results in the first 
i = 3 values of the resulting permutation being replaced with the first 
i — 3 numbers in 7r[ + n — i — 7r[ + 6 = (7, 9, 8, 10) ( c.f. row 3 of lower 
Table Application of the induction hypothesis, which guarantees 
n[ = rc(7i"i) and ir' 2 = rc(7r 2 ) ; then yields the result. 

Theorem 3.14. 

|C 2n (1243, 2143)| = \C 2n+1 (1243, 2143) | = q n 

for all n > 1, where the sequence q n is defined by q\ = 2, q 2 = 7 and 
for every n>3,q n = Aq n ^ x - g n _ 2 . 

Proof. Denote by T> the set of all Schroder prefixes which may be ex- 
tended to form Schroder paths in T> n for any finite n. For i > 0, let 
aj denote the number of Schroder prefixes in T> terminating at the 
point (i,i) (this is simply \Di\). For i > 1, let hi denote the number 
of Schroder prefixes in V> terminating at the point ii — We have 
a = 1; also for completeness we define b = 0. For i > 1 the point 
(i, i) may be reached either by a d step or by an e step, and so we have 

ai = ai-\ + bi for i > 1 . (3.7) 

The justification of this recursion is illustrated in Figure [7] for the case 
of % — 7. Summing (13. 7p over i = 1, 2, . . . , k we obtain 

k 

a k = l + ^2bi for k > . (3.8) 

i=0 

We have b\ = ao since the point (0,1) may only be reached by an n 
step. For i > 1 consider the point (i — there are a,_i paths which 
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Figure 7. The figure shows graphically the justifica- 
tion of (13 .7p and (I3.9p . In the figure, each lattice point 

(resp. — 1)) is labeled with the number 

(resp. hi) of Schroder prefixes in T> which terminate at 
that lattice point. The figure shows all possible termi- 
nations of such prefixes at the points (7,7) and (4,5), 
thus illustrating that (respectively) a? = a 6 + bj and 
65 = «4 + 26 4 + 63 + b 2 + h. 

reach this point via an n step, paths which reach this point via a 
d step, and bj paths which reach this point via the steps n 1-3 'e* _J ' for 
each j = 1, 2, . . . , i — 1. Therefore, for each i > 1, 

i-1 i-1 

k = ai_ x + + J2 b j = 1 + b i-i + 2 Yl h i ( 3 - 9 ) 

j=l j=0 

where the second equality is obtained using (13. 8p . The justification of 
this recursion is illustrated in Figure[7]for the case of i = 5. Subtracting 
(13.91) for i = k from (13.91) for i = k + 1 we obtain 

b k+1 = Ab k - b k ^ (3.10) 

for all k > 1, with b = and 61 = 1. 

Next, by Theorem 13 .91 the number of permutations 7r e (3 n+ i(1243, 2143) 
which satisfy rc(7r) = n is equal to the number of Schroder paths p G T> n 
which satisfy rev(^(p)) = p. First let q n denote the number of Schroder 
paths p G T>2n which satisfy rev(ip(p)) = p. The initial steps of any 
such path must form a Schroder prefix in T> terminating on the line 
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Figure 8. The figure shows graphically the justifica- 
tion of (13. lip for the example of n = 4. Any Schroder 
prefix in T> which terminates on the line x + y = 2n must 
have one of the possible terminations shown in the figure. 
Each such prefix then has a unique completion to form 
a Schroder path p G T> 2n - Therefore, in the case illus- 
trated, g 4 = a 3 + 64 + 63 + 6 2 + b\ . A similar illustration 
may be made for the case of odd Schroder path length. 



x + y = 2n. This termination occurs either at the point (n, n) (there 
are a n _i of these - note that the point (n, n) may not be reached by an 
e step) or at the point (i, 2n — i) for some i 6 {0, 1, . . . , n — 1} (there 
are bi + \ of these, as they must join (i, i + 1) to (i, 2n — i) via the steps 
n 2(n-»)-i^ N te that the point (n,n + 1) may not be reached via a d 
step. It is easy to see that each of these Schroder prefixes has a unique 
completion to form a Schroder path with Tev(ip(p)) = p. Therefore 

n 

q n = a n _i + 2J bi = 2b n - 6 n _i (3.11) 

for n > 1 (using (13. 8p and (13. 9p ). The justification of this recursion is 
illustrated in Figure [HJ From (I3.10p we then have q n+ i = 4q n — g n _i 
with q\ = 2 and q 2 = 7. 

Similarly, let u n denote the number of Schroder paths p G i?2n-i 
which satisfy rev(^(p)) = p. The initial steps of any such path must 
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form a Schroder prefix terminating at the point (n — 1, n — 1) (with the 
next step joining (n— l,n — 1) to (n, n) via a d step - there are a n _i 
of these), or at the point (i, 2n — 1 — i) for some i G {0, 1, . . . , n — 1} 
(there are b i+ i of these, as they must join + 1) to (i,2n — 1 — i) 
via the steps n 2( - n- *~ 1 )). Again, each of these Schroder prefixes has a 
unique completion to form a Schroder path with rev(^(p)) = p; thus 
u n = a n -i+J2i=o h = 2b n — b n -i for n > 1 and so «„ = q n for n > 1. □ 

Theorem 3.15. 

|CX 2n (1243, 2143)| = \CX 2n+l (1243, 2143) | = p n 

for all n > 1, where p n denotes the n-th Pell number, i.e., p\ = 2, 
p 2 = 5 and for every n > 3, p n = 2p n _i + p n ~2- 

Proof. This proceeds similarly to the proof of Theorem 13.141 From 
Corollary 12. 9[ a permutation 7r G (5„(1243, 2143) is an involution if 
and only if p = (p~ l (n) is symmetric, i.e., if and only if it satisfies 
rev(p) = p. Therefore, the number of involutions in (5 n+ i(1243, 2143) 
which satisfy rc(7r) = n is equal to the number of Schroder paths in 
p G S n which satisfy ip(p) = p] our task is to count these Schroder 
paths. To this end, let T> denote the set of Schroder prefixes in D with 
no features. For i > 0, let q denote the number of Schroder prefixes in 
T> terminating at the point For i > 1, let di denote the number 

of prefixes in T> terminating at the point (i — We have cq — 1; 

also for completeness define do = 0. For % > 1 the point (i, i) may be 
reached either by a d step or by an e step, and so we obtain 

k 

Cfe = l + y^ for£;>0 (3.12) 

»=o 

by the same method as that which obtained (13. 8p . We have d\ = cq 
since the point (0, 1) may only be reached by an n step. For i > 2 
consider the point (z — 1, i); there are q_2 paths which reach this point 
via an n step (since such a step must be preceded by a d step), and 
dj paths which reach this point via the steps n^e*^ for each j = 
1, 2, . . . , i — 1. Therefore, for each i > 2, 

i-l i-2 

di = Cj_ 2 + + dj — 1 + di_i + 2 c?j (3.13) 

where we have used (13.121) . Subtracting (I3.13P for i = k from (13.131) for 
i = k + 1 we obtain 

4+i = 24 + 4-i (3.14) 
for all k > 1, with 4 = and 4 = 1- 
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Let p n denote the number of Schroder paths p G 6>2n which satisfy 
ip(p) = p. The initial steps of any such path must form a Schroder 
prefix in T> terminating at the point (n, n) (there are c n _i of these - note 
that the point (n, n) may not be reached by an e step) or at the point 
(i, 2n — i) for some i G {0, 1, . . . , n — 1} (there are d n+ i of these, as they 
must join + to (i,2n — i) via the steps n 2 ( n_i ) _1 ). It is easy to see 
that each of these Schroder prefixes has a unique completion to form a 
Schroder path with ip(p) = p. Therefore p n = c n _i + ^™ =0 di = d n+ \ for 
n > 1 (again using (13.121) ). From (13.141) we then have p n +i = ^p n ~Pn-i 
with p\ = 2 and pi = 5. 

Similarly, let v n denote the number of Schroder paths p G S 2n -i 
which satisfy ip(p) = p. The initial steps of any such path must form a 
Schroder prefix terminating at the point (n — l,n — 1) (with the next 
step joining (n — l,n — 1) to (n, n) via a d step - there are c n _i of 
these), or at the point (i, In — 1 — t) for some i G {0, 1, . . . , n — 1} 
(there are d n+ \ of these, as they must join (i, i + 1) to (z, In — 1 — i) 
via the steps n 2 ^ -1-1 )). Again, each of these Schroder prefixes has 
a unique completion to form a Schroder path with ip(p) = p; thus 
v n = c„_i + Xir=o ^* = ^™+! for n > 1 and so t>„ = p n for n > 1. □ 
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